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Abstract 

We bound the number of fixed points of an automorphism of a real curve in terms 
of the genus and the number of connected components of the real part of the curve. 
Using this bound, we derive some consequences concerning the maximum order of 
an automorphism and the maximum order of an abelian group of automorphisms of 
a real curve. We also bound the full group of automorphisms of a real hyperelliptic 
curve. 



Introduction 

In this note, a real algebraic curve X is a proper geometrically integral scheme over M 
of dimension 1. Let g denote the genus of X; throughout the paper we assume g > 2. 
A closed point P of X will be called a real point if the residue field at P is M, and a 
non-real point if the residue field at P is C. The set of real points X(M) will always 
be assumed to be non empty. It decomposes into finitely many connected components, 
whose number will be denoted by s. By Harnack's Theorem we know that s < g + 1. 
If X has g + 1 — k real connected components, we will say that X is an (M — fc)-curve. 
We will say that X has many real components if s > g (see jHuj ) . Topologically, each 
semi-algebraic connected component of X(M) is homotopy equivalent to a circle. 

An automorphism if of X is an isomorphism of schemes of X with itself. Seeing X as 



a compact Klein surface. May proved in |Malj that the order of a group of automorphisms 
of X is bounded above by 12{g — 1). Moreover, he also proved that the maximum possible 
order of an automorphism of X is + 2 |Ma2j . 



In this paper, we will bound the number of fixed points of an automorphism of a 
real curve in terms of s. Using this bound, we will derive some consequences concerning 
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the maximum order of an automorphism and the maximum order of an abehan group of 
automorphisms of a real curve. We will also bound the full group of automorphisms of a 
real hyperelliptic curve. 

1 Preliminaries 

We recall here some classical concepts and more notation that we will be using throughout 
this paper. 

Let X be a real curve. We will denote by Xc the ground field extension of X to C. 
The group Div(X) (resp. Div(Xc)) of divisors on X (resp. Xc) is the free abelian group 
generated by the closed points oi X (resp. X^). The Galois group Gal(C/R) acts on the 
complex variety Xc and also on Div(Xc). We will always indicate this action by a bar. 
If P is a non- real point of X, identifying Div(X) and Div(Xc)°^'(^/^\ then P = Q + Q 
with Q a closed point of Xc. 

Let Aut(X) (resp. Aut(Xc)) denote the group of automorphisms of X (resp. Xc). If 
(p e Aut(X) then ip extends to an automorphism pc of -'^c such that <fc{Q) = fc{Q) for 
any closed point Q of Xc- We will denote by //(<^c) (resp. //]r(<^)) the number of closed 
(resp. real closed) fixed points of pc (resp. ip). 

Let G be a group and let a be an element of G. We denote by |G| (resp. \a\) the order 
of G (resp. a). 

Let (f e Aut(X). The image of a connected component of X(R) through (p is again a 
connected component of X(R). Let denote the symmetric group corresponding to the 
group of permutations of the set of connected components of X(M). We will denote by 
(j{p) the permutation induced by p. 

Assume G is a subgroup of Aut(X) of order N. We denote by Gc the set {pc, p & G}. 
Then Gc is a subgroup of Aut(Xc) and |G| = |Gc| since clearly \p\ — \pc\ Hp ^ Aut(X). 
The quotient space X/G is a real algebraic curve of genus g' and with above notation, 
(X/G)c = Xc/Gc- We denote by tt (resp. ttc) the morphism of real (resp. complex) 
algebraic curves X — > X/G (resp. Xc — >■ (X/G)c). We know that these maps are of 
degree N. The map ttc is ramified only at the fixed points of elements of Gc \ {Id} 
and the ramification index ep at a closed point P of Xc verifies cp — |Stab(P)|, with 
Stab(P) the stabilizer subgroup of P in Gc. We say that two closed points P, P' of Xc 
are equivalent under Gc if there exists p in Gc such that p{P) = P' ■ Using group theory, 
there are ^ distinct points on Xc equivalent under Gc to P. Consequently the number 
w{t^c) of branch points of ttc corresponds to the maximal number of inequivalent fixed 
points of elements of Gc \ {Id}. Let Q denote a branch point of ttc, we denote by e{Q) 
the ramification index ep of any ramification point P over Q. Considering now the map 
TT : X — X/G, we denote by ^^(Tr) (resp. Wc{ti)) the number of real (resp. non-real) 
branch points of tt. Clearly '^^(Tr) + 2wc(7r) = w(7rc). If Q is a real branch point of tt 
then Q corresponds to a branch point Q' of ttc and e{Q) = e{Q'). If Q is a non-real 
branch point of tt then Q corresponds to two conjugate branch points Q' and Q' of ttc and 
e{Q) — e{Q') — e{Q'). Let g' denote the genus of X/G. The Riemann-Hurwitz relation 
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now reads |FVKl p. 243] 

wine) 

2g-2 = N{2g' - 2) + iV ^ (1 - -— ) (1) 

i=l ^Wi) 

where Qi, . . . , Qw(-kc) ^-re the branch points of vtc- Equivalently, we have 

2«-2 = iV(29'-2) + 7Vg(l-_)+27Vg(l-_) (2) 

where Qi, . . . , QwrX^) (resp. Q'^^, . . . , Q'wf.{TT)) ^'^^ the real (resp. non-real) branch points of 
TT. If moreover G = {(f) is cyclic, then we have |Fa-K| p. 245] 

2g-2 = \(p\{2g'-2)+J2f^i^c) (3) 

2=1 

2 Real and non-real fixed points of automorphisms 
of real curves 

Before the study of the fixed points set of an automorphism of X we need to state basic 
facts about automorphisms of real curves. 

Proposition 2.1 Let G be a subgroup o/ Aut(X). We denote by X' the quotient real 
curve X/G. 

(i) IfQ is a real point of X' then either ir^^ (Q) is totally real orn^^lQ) is totally non-real. 

(ii) If Q is a non-real point of X' then 7r~^{Q) is totally non-real. 

(iii) If P is a real ramification point of it then cp = 2. 

(iv) The image by ti of a connected component G of X{M.) is a connected component of 
X'(M) if and only if G does not contain any real ramification point of it. If not ii{G) 
is a compact connected semi-algebraic subset of a connected component G' of X'{E.) 
corresponding topologically to a closed interval ofG', in this situation 7r(C) contains 
exactly two real branch points of it corresponding topologically to the end-points of 
n{G). 

(v) The number of real branch points of vr with real fibers is even on any connected 

component o/X'(M). 

(vi) The number of real ramification points of tt is even on any connected component of 
X{R). 
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Proof : To prove statements (i) and (ii), it is sufficient to make the observation that an 
automorphism of X maps a real (resp. non-real) point onto a real (resp. non-real) point. 

Let P be a real ramification point of vr. Then Q = 'n:{P) is a real branch point of vr. Let 
t G Oq be a local parameter. We may consider t as an element oi Op via vr* : Oq Op 
and we recall that the ramification index ep is defined as vp{t) where is the valuation 
associated to Op. We have ep > 2 since P is a ramification point of vr. If m is a local 
parameter of Cp then t = u'^^a with a G Op. Consequently, tt is given locally at P by 
u H-i^ u'^p. If ep > 2 then the fiber above a real point sufficiently near Q is not totally real 
or totally non-real contradicting statement (i). Hence (iii). 

Statement (iv) implies statements (v) and (vi) since X' is a quotient space and, if P is 
a real ramification point of vr then any point in the fiber 7r^^(7r(P)) is a real ramification 
point of TT with ramification index equal to ep = 2. 

For (iv), let P be a real ramification point of vr. Then Q = 7r(P) is a real branch point 
of vr. Let C (resp. C) denote the connected component of X(R) (resp. X'(]R)) containing 
P (resp. Q). Since ep = 2 is even, C is clearly on one side of the fiber 7i~^{Q) i.e. 7r(C) 
corresponds topologically to a closed interval of C and Q is an end-point of this interval. 

Conversely, let C be a connected component of X(M) such that vr(C) is not a connected 
component of X'(R). Then 7r(C), corresponds topologically to a closed interval of a 
connected component of X'(]R). Let Q be one of the two end-points of this interval. Let 
P G Tr~^{Q) nC. Then ep is even since C is clearly on one side of the fiber 7r~^(Q). Then 
P is a ramification point of vr. □ 

Definition 2.2 Let G be a subgroup o/ Aut(X). Let X' be the quotient real curve X/G. 
We define Int(7r) as the number of connected components of the set 

{tt{G), C is a connected component o/X(M) and 

7r(C) is not a connected component of X'{M.)} 

By the previous proposition, we have 2Int(7r) < wk{it). Let C be a connected component 
o/X(]R). We denote by Stab(C) the stabilizer subgroup of the component C in G i.e. the 
set of f e G such that f{C) = C. 

From Proposition 12.11 we derive the following consequence concerning the real fixed 
points of an automorphism. 

Lemma 2.3 Let ip be an automorphism of X of order N . The real ramification points 
of 7c : X Xj {if) are in 1 to 1 correspondence with the real fixed points of (f^ and 
yU]g((y9*) = for any i G {1, . . . , — 1} such that i 7^ y. Moreover, if a real ramification 
point of 7C : X ^ ^/{v) belongs to a connected component C of X{M.) then exactly 2 real 
ramification points of n : X ^ X/ (ip) belong to C. 

Proof : Let P be a real ramification point of vr : X — X/ {(f). Then ep = 2 by Proposition 
12.11 fiii). Consequently Stab(P) is a subgroup of order 2 of {(f) i.e. P is a real fixed point 
of (p^ . Since Stab(P) = (v^^), it follows that ^M.{(f'') = for any i G {1, . . . , iV — 1} such 
that i 7^ y. If P is a real fixed point of (f~, then the image of the connected component 
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C of X(M) containing P by the morphism of degree 2 vr' : X — X/ {f^^ is a closed 
interval of a connected component of {X/ {ip~)){M.) and P belongs to a fiber above one 
end-point of tt'{C) (see Proposition 12. ip . Clearly C contains exactly 2 real ramification 
points of TT : X — s> X/ {(f); P and the point in the fiber above the other end-point of vr'(C). 

□ 

We give now a generalisation of |Knt Th. 2.2.4]. 

Proposition 2.4 Let G be a subgroup o/ Aut(X). We denote by X' the quotient real 
curve X/G. Let C be a connected component o/X(R). 

(i) If 'k{C) is a connected component ci/X'(M) then Stab(C) is cyclic. 

(ii) If7i{C) is not a connected component o/X'(]R) then Stab(C) is one of the following 

groups Z/2, Z/2 x Z/2, the diedral group Dn of order 2n, n > 3. 

(iii) If'K{C) is not a connected component o/X'(R) and z/|Stab(C)| = 2n then C contains 
exactly 2n real ramification points of it equally shared between two fibers. Moreover, 
if P & C is a real fixed point of then the other real fixed point of (f in C lies in 
the same fiber as P if and only if n is even. 

Proof : From fKnl Th. 2.2.4], we know that Stab(C) is either cyclic or diedral (only 
cyclic if vr(C) is a connected component of X'(]R)). So we only have to prove statement 
(iii). 

We consider the case vr(C) is not a connected component of X'(]R). If Stab(C) ^ Z/2 
the result follows from Proposition 12.11 and Lemma 12.31 Assume Stab(C) is the diedral 
group Dn = {c, p) , n > 2, with a and p corresponding respectively to a symmetry and a 
rotation of order n of the regular polygon with n edges. If {a,b,c,d) G (Z/n)^, we have 
{p°'a'^){p^a^) = p"+^(^^) 0"^+°'. Since 7r(C) is an interval of X'(]R), there is a real branch 
point Q of 77 such that C contains a real fixed point P of an element of Stab(C). By 
Proposition 12.11 we have cp = 2. 

Firstly, we assume that P is a fixed point of a symmetry and without loss of generality 
we can assume that cr(P) = P. Hence n^^{Q)r\C = {p^{P), = 0, . . . ,ri — 1} and p'^{P), 
k G {0, . . . , n — 1}, is a fixed point of p^ap^^ . If n is even, the other fixed point of a in 
C, p^{P), is contained in Ti^^iQ) fl C and conversely. 

Secondly, we assume that n is even and that (P) = P. For any A; G {0, . . . , n — 1}, 
p'^{P) is a fixed point of p^p'^ p~^ = p^ and p^{P) G C, since p^ G Stab(C). From Lemma 
12. 3[ we conclude that either n = 2 or n = 4. If n = 4, the other fixed point p{P) of p^ in 
C is contained in tt~^{Q) fl C. If n = 2 the other fixed point ct(P) of p in C is contained 

in7r-i(g)na □ 

2.1 Real fixed points of automorphisms of real curves 

We will now study morphisms of degree 2 between M-curves. 

Proposition 2.5 Let if be a non-trivial automorphism of order 2 of an M-curve such 
that Pr{(p) > 0. Let X' denote the quotient curve X/{ip). then 
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(i) X' is an M— curve; 



(ii) all the fixed points of (pc are real and ^{fc) = A^mIv^) = 2(7 + 2 — 4g' where g' denotes 

the genus of X' ; 

(iii) all the branch points of ttc are real and W]^{tt) = 2Int(7r) = 2g + 2 — Ag' . Moreover, 
all these branch points are contained in a unique connected component o/X'(]R). 
Concerning the other connected components of X'{M.), the inverse image by it of 
each of these is a disjoint union of 2 connected components o/X(]R). 

(iv) (j{(p) may be written as a product of g' disjoint transpositions. 

Proof : From (jHl), we get fJ^ifc) = 2(7 + 2 — 4(7'. Since \ip\ = 2, we have Wr{tt) + 2wc{t!') = 
w{ttc) = 2g + 2 — 4g' and Wr{7t) = 2Int(7r). It means that there are Int(7r) connected 
components of X(R) such that the image by vr of each of these components is not a 
connected component of X'(M) and Int(7r) < g + 1 — 2g'. Consequently, there are 
g + 1 — Int(7r) connected components of X(M) such that the image by tt of each of these 
components is a connected component of X'(]R) and g + 1 — Int(7r) > 2g'. Let s' denote 
the number of connected components of X'(R). Let v denote the number of connected 
components of X'(]R) that do not contain any real branch point of tt. According to the 
above remarks, we have v > 9+^~^^^(^^ > g' Since vr has at least 2 real branch points 
and by Harnack inequality, we get v = g', s' = v + 1 and Int(7r) = g + 1 — 2g'. Hence 
^^{11) = w(vrc) = 2g + 2 — Ag' and the statements (i), (ii) and (iii) follow. Statement (iv) 
is a consequence of statement (iii). □ 

Let us mention two nice consequences of Proposition 12.51 

Theorem 2.6 Let ip be a non-trivial automorphism of an M-curve. If one of the fixed 
points of ifc is real then all are real. 

Proof : If if has a real fixed point then = 2 by Lemma (2.31 By Proposition 12.51 the 
proof is done. □ 

Corollary 2.7 Let (p be an automorphism of order N > 2 of an M-curve. // tt : X — >■ 

X/ (if) has at least one real ramification point then pc is fixed point free. 

Proof: Assume vr : X — X/{(f) has at least one real ramification point. By Lemma 
12.31 N is even, the real ramification points of vr : X — X/ {(p) are the real fixed points of 
p~ and fiR^p^) = for any i E {1, . . . , N — 1} such that i y- Let P be a fixed point 

JV 

of Pc- Since X > 2, P is not a real point. Clearly P is also a fixed point of p>Q , which 
contradicts Theorem [2M □ 



We state now a generalization of Theorem |27 
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Theorem 2.8 Let ip he a non-trivial automorphism of order N of a real curve. If 

N 

vr : X — * X/{ip) has at least one real ramification point then n{^c) < 2 + '^^-'^s^+mif^) _ 
Consequently, fi{^c) — /Ur(v^'^) < 2 + ^^j-^ < '2{g + 1 — s). If \^\ > g + 2 — s then 
fi{(pc) - /iM(v5^) < 2. 

Proof : By Lemma f2. 31 N is even, the real ramification points of tt : X ^ X/ (if) are the 
real fixed points of Lp~ and ij,r{^'') = for any i E {1, . . . , X — 1} such that % ^ We 
denote by X' the quotient space Xj {ip) and by g' the genus of X' . 

N 

By Lemma f2. 31 there are exactly connected components of X(M) containing at 

least a real ramification point of vr. More precisely, each of these connected components 
contains exactly two real ramification points of vr (see Lemma (2 .31) . It means that there 

are ^^^^^ — - connected components of X(R) such that the image by vr of each of these 

components is not a connected component of X'(]R). Consequently, there are s — ^^^^ — - 
connected components of X(]R) such that the image by vr of each of these components is 
a connected component of X'(M). Let v denote the number of connected components of 
X'(M) that do not contained any real branch point of vr. By a previous computation, we 

JV 

have V > ^ — . Since vr has at least 2 real branch points, from Harnack inequality, 

we get 

, JV 

g' >v> - 2 



m 



I.e. 

JV 
2 



s ^ — <9m- (4) 



2 

From Q, we obtain n{(pc) < 2 + ^^y^|^. Combining the previous inequality and (jH), we 

get 

2^1 - 2s + /iM(v5' 



l^i^c) < 2 + 



The rest of the proof follows easily from the previous inequality. □ 



2.2 Non-real fixed points of automorphisms of real curves 

The following theorem gives an upper bound on the number of non-real fixed points of 
an automorphism in terms of the number of connected component of the real part of the 
curve. 

Theorem 2.9 Let ip be a non-trivial automorphism of X such that tt : X X' = Xj (y?) 
is without real ramification points. Then 

/i(v^c) < 4 + 2 ^,^,^"/ if s > 1 
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and 

Kvc) <4 + 2/^ if s = 1. 

m - 1 

Consequently, fi{fc) ^ 4: if \(p\ > g + 3 — s (resp.\ip\ > g + I) and if s > 1 (resp. s = 1). 

Proof : Let s' denote the number of connected components of X'(]R). Since vr : X — > 
X' = X/ (if) is without real ramification points, the image of any connected component 
of X(M) is a connected component of X'(M) fProposition 12.11 (iv))) i.e. Int(7r) = 0. Let 
g' denote the genus of X'. By Harnack inequahty, 

s<\vW <\y^\{g' + l). (5) 

From and we obtain respectively /i(v5c) < 2 + "^^J^^^l^ and \(p\g' > s — \(p\ (since 
\ip\ > 2 we replace the last inequality by \^p\g' > 2 — \ip\ in the case s = 1). Combining 
the two previous inequalities, we get 

Myc)<4 + 2 ^YT (6) 

m - 1 

if s > 1, and 

/i(^c)<4 + 2/^ (7) 

if s = L Since ip is real, /i(v2c) is even. By (jHl) (resp.Q), /i(v5c) < 4 if ^^^Er < 1 

and s > 1 (resp. j^pj < 1 and s = 1) i.e. if Iv^l > g + 3 — s (resp. \ip\ > g + 1). 

□ 

Let us state a nice concequence of the previous theorem for M-curves. 

Corollary 2.10 Let ip be a non-trivial automorphism of an M-curve X such that tt : 
X ^ X' = X/ {ip) is without real ramification points. Then fi{pc) < 4. 

For an automorphism p of order \p\ > g + 2 we may improve the result of Theorem 

1 

Proposition 2.11 Let p> be an automorphism of a curve X such that vr : X — >■ X' = 
X/ {p>) is without real ramification points. If \p>\ > g + 2 then t^-ivc) < 2. 

Proof: From ©, we obtain ^(v^c) < 2 + ^^[^ff < 2 + \i\p\>g + 2 then we get 

H{pc) < 2. □ 



3 An upper bound on the order of some automor- 
phisms groups of real curves with real ramification 
points 

We give an upper bound for the order of an automorphism ip such that vr : X — X/ {p) 
has at least one real ramification point. 
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3.1 The cyclic case 

Theorem 3.1 Let (p be an automorphism of X of order N > 1 such that 
TT : X — > X/ {(f) has at least one real ramification point. Then 

Int(7r) - \lnt(7r)' Int(7r) j ~ 

where g" denotes the genus of X/ {f^)- The decomposition of a{ip) contains Int(7r) disjoint 
cycles of order If a connected component C of XiM) contains a real ramification point 
of-K then Stab(C) = Z/2Z. 

Proof: By Lemma l2.3[ the real ramification points of vr : X — > X/{ip) are the real 
fixed points of ip^ and /iR(v5*) = for any i e {1, . . . , iV — 1} such that i ^ ^. Let r 
denote the number of real ramification points of tt. According to the above remarks, we 
have r = fi]^{if~). The real ramification points of vr are contained in fibers above 2Int(7r) 
real branch points of X/{ip) which correspond to end-points of the image by vr of some 
connected components of X(R) (see Proposition 12. ip . In each fiber above one of these real 
branch points of X/ , there are ^ real ramification points of tt contained in distinct 
connected components of X(M) (see Lemma l2.3|) and it is easy to check that if operates 
on these ^ real ramification points as a cycle of order ^. Hence 

N 

r = 2Int(7r)-, 

and the decomposition of <j{(p) contains Int(7r) disjoint cycles of order y- By Proposition 
ESI r < 2s hence N < < 2s since Int(7r) > 1. By /i(<^c' ) < 2^ + 2 - Ag". Hence 
^ ~ intV) — '^^int{n) ' Propositiou \2A\ if a connected component C of X(]R) contains 
a real ramification point of vr then Stab(C) = Z/2Z. □ 

We will now look at the case of an automorphism of maximum order. 

Theorem 3.2 Let ip he an automorphism of X of order 2g + 2 such that vr : X — >■ X/ {(f) 
has at least one real ramification point. Then X is an hyperelliptic M- curve of even genus, 
X/{if) ~ Pj^, Int(7r) = 1, w^{t{) = 2 and the ramification index of the fibers over the 2 
real branch points is 2, wic{'k) = 1 and the ramification index of the fibers over the 2 
conjugate non-real branch points of nc is g + 1. Moreover (j{f>) is the cyclic permutation 
[12 . . . g + 1), (f^^^ is the hyperelliptic involution and Stab(C) = Z/2Z = {(f^~^^) for any 
connected component C of X(R). 

Proof: Since \(f\ = 2g + 2, Theorem 13.11 implies s = g + 1 and X/((^^) ~ 
Consequently, X is an hyperelliptic M-curve and (p^~^^ is the hyperelliptic involution. 
Moreover, Int(7r) = '^*2g+2 ^ ~ '^(v^) the cyclic permutation (12...5f + 1) and 
Stab(C) = Z/2Z = {f^~^^) for any connected component C of X(R), again by Theorem 
O Since X/{ipS+^) ~ then clearly X/{(p) ~ P^. 
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9+1, ^^,„ 



Assume g is odd and consider the morphism of degree 4, vr'" : X X/ {^^^) = X 

Let g'" denote the genus of X'". By Theorem 12.61 and Lemma 12.31 <^c^ fixed point 
free and n{ip^'^) — ^]&{(p^^^) = 0. Consequently, the ramification points of vr'" are the 
2(7 + 2 real fixed points of (f^~^^. According to Theorem 13. II and Proposition 12.51 we have 
wr{tt"') = 2Int(7r"') = g + 1. Writting © for cp^ , we have 2^ - 2 = A{2g"' - 2) + 2^ + 2 
i.e. 1 = 2g"', which is impossible. Hence g is even. 

Using the results of |Kr-Nej and since X/ {(p) ^ P^, we see that vr does not have 
any real branch point such that the fiber over this point is non-real. Consequently 
WK(vr) = 2Int(7r) = 2. Let Qi, . . . ,Qwc{it) denote the non-real branch points of vr. The 
Riemann-Hurwitz relation gives 

2g-2 = {2g + 2)(-2) + 2g + 2 + 2{2g + 2)J2i 



em 



Hence 



If e{Qi) = 2 for a z e {1, . . . , wc(7r)} then, writting Qi = Q'i + Q'i on Xc, the points 
Q'iiQ'i are fixed points of v^c^^ in contradiction with Theorem 12. (jl Hence e{Qi) > 2 for 
i = 1, . . . ,wc{ti)- By (jHI) we conclude that Wci^n) = 1, hence that e{Qi) = g + 1. Since, 
if g is odd, a fixed point of is also a fixed point of v^c^^, it also follows from Theorem 
that g is even. □ 

We give now some remarks concerning the genus of X/(v9^). 



Proposition 3.3 Let ip be an automorphism of X of order N > 1 such that it : X ^ 
X/{ip) has at least one real ramification point. Let g" denote the genus of X/{ip~). If 
X/{ip) c^Fi then g" < 

Proof : Since X/ (ip) ~ Pj^ and since vr has at least one real ramification point, it follows 
from Proposition 12 . II that the image by vr of any connected component of X(R) is strictly 
contained in Pj^(M). By Lemma (2.31 any connected component of X(]R) contain exactly 
2 real ramification points of vr. Since the real ramification points of tt : X — > X/ (ip) are 

the real fixed points of ip~ (Lemma |2.3j) . we conclude that 2s < h{(Pq ) = 2g + 2 — Ag", 
which proves the proposition. □ 

For a real curve X with many real components, the previous proposition yields 
information about the automorphisms (p of X such that X/ {(p) ~ Pj^. 

Corollary 3.4 Let ip he an automorphism of X of order N such that vr : X — X/ {(p) 
has at least one real ramification point. If X/ {(p) ~ Pj^ and X has many real components 
then X is hyperelliptic. 

For an automorphism of prime order, the existence of a real ramification point for the 
quotient map forces this automorphism to be an involution. 
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Proposition 3.5 Let (p be an automorphism of X of prime order p such that it : X ^ 
Xj {(f) has at least one real ramification point. Then p = 2. 

Proof : If TT : X — > X/ (if) has at least one real ramification point then (if) has a subgroup 



3.2 The abelian case 

We give an upper bound for the order of an abelian group of automorphisms G such that 
TT : X — >■ X/G has at least one real ramification point. 

Theorem 3.6 Let G be an abelian group of automorphisms of X of order N > 1 such 
that TT : X — > X/G has at least one real ramification point. Then 



Proof : Let g' denote the genus of X'. The real ramification points of vr : X — X/G 
are contained in fibers above 2Int(7r) real branch points of X/G which correspond to end- 
points of the image by vr of some connected components of X(M) (see Proposition 12. ip . 
Let P be a real ramification point of vr. By |Pa| Lem. 1.1], the stabilizer subgroup of P 
in G is cyclic. Let if he a. generator of Stab(P), then P is a real fixed point of ip and 
moreover we have = 2 (see Proposition 12. ip . In the fiber above Q = 7r(P), we have y 
real fixed points of ip since points in the same fiber have conjugate stabilizers and since G 
is abelian. By Lemma [2.31 a connected component of X(R) contains at most 2 real fixed 
points of (p. Hence n~^{Q) intersects at least ^ distinct connected components of X(]R) 
< s. The same conclusion can be drawn for any ramified fiber with real points, 
which proves that N < j^^j^. 

Before finishing the proof we need to make a remark concerning real branch points 
with non-real fiber in the case g' = 0. Let Q be a real branch point such that tt~^{Q) 
is non-real. By |Kr-Ne| Satz 1], the decomposition group of Q in G is the diedral group 
Df.[Q). Since G is abehan, we must have e{Q) = 2. 

Now assume N > 2g + 2. It follows from the beginning of the proof that Int(7r) = 1. 
By Proposition 12. II fiv) . there exist exactly two real branch points Qi, Q2 of vr with real 
fibers and with e{Qi) = e{Q2) = 2. Let Pi (resp. P2) be a point in the fiber i^^^{Qi) 
(resp. 7r^^(Q2)) • Let v?i (resp. LP2) be a generator of Stab(Pi) (resp. Stab(P2)). Since G 
is abelian, all the points in the fiber 7r^^((5i) (resp. vrjT^((52)) are fixed points of y?! (resp. 
ip2)- Since N > 2g + 2, it follows from the Riemann-Hurwitz formula (j21) that g' = Q and 
there exist at least two distinct branch points Q'l, Q'2 of ttc with non-real fibers. We may 
assume that the points Q'l, Q'2 are either both real or both non-real and conjugate. Let 
Lp'^ (resp. Lp^) be a generator of the stabilizer subgroup of any point in t:^^{Q\) (resp. 
'^c^^Q't))- have different cases. 

Case 1: ipi and ip2 are powers of either of ip'^ or ip'2. 
By Theorem 12.81 and since there are -^r^ points in the fiber t^^^{Q'i), we obtain 

\G\ ^ \G\ 

'^(W) ^ 2((7 -|- 1 — s) and X is not an M-curve. Similarly, we have -^tqtt <2{g + l — s). By 



of order 2. Hence p = 2. 



□ 




11 



(0) and according to above remarks, we obtain 2g — 2 > —2\G\ + Yli=i 1^1(1 " + 
Elii\G\ - > \G\ -4{g + l-s). Hence \G\ < 2g - 2 + 4{g + 1 - s). 

Case 2: ipi is a power of ip[, and is not a power of either of ip[ and (p2. 
By Theorem 12.81 we have < /i(v5^c) ~ ^ 2((7 + 1 — s) and X is not 

an M-curve. Since (p2 is not a power of either of (f'l and and since the fibers 
^c^(Qi) ^'^'^ 7rj^^(Q2) contain all the real fixed points of the elements of G, it follows 
that the map X — > X/{(^2) has no real ramification point. By we have -^r^ < 
/^(v^2c) ^ 4 + 2((7 + 1 — s). By Q and according to the above remarks, we obtain 
2g -2 > -2|G| + Ell 1^1(1 - ^) + Elid^l -£r^)>\G\~4-4{g + l-s). Hence 
|G| <2(7 + 2 + % + l-s). 

Case 3: ipi and are not powers of either of ip[ or and e{Q[) > 3. 
Similarly to the previous case, the maps X X/ {ip[) and X X/ {ip'^) are without real 
ramification points. By an above remark, Q'^ is non-real and we may assume that Q'^ and 
Q'2 are two conjugate points of X'^ corresponding to the non-real point Q' of X' . By ^ 
and since e{Q') > 3, we have < 2 + ^^^y^- By (0) and according to the above remarks, 
we obtain 2^? - 2 > -2\G\ + \G\{1 - ^) + 2(|G| - ^) > |G| - 4 - + 1 - s). 
Hence |G| < 2g + 2 + {g + 1 — s) . Since we have assumed N > 2g + 2, this case does not 
occur when X is an M-curve. 

Case 4: ifi and (p2 are not powers of either of (f[ or and e{Q[) = e{Q'2) = 2. 
By there exists a third branch point Q'^ of vrc with non-real fibers. By Theorem 12.81 
and ©, we obtain JgL < 4 + 2(^ + 1-5). By 0, we get 2^-2 > -2\G\ + ^f^^ \G\{1 - 

i(i7)) + Eli(|G'|- Jiy) > \G\-A-2{g+l-s). Hence |G| < 2^? + 2 + 2(^7 + 1 - s). 
Since we have assumed N > 2g + 2, this case does not occur when X is an M-curve. 

We have proved that \G\ < inf{4s, 25f-|-2 + 4(5( + l-s)}. Since 4s > 2g + 2 + A{g + l-s) 
if and only if s > ^g + 1), we get |G| <3g + 3. □ 

For M-curves, we obtain: 

Corollary 3.7 Let G be an ahelian group of automorphisms of an M-curve X such that 
vr : X X/G has at least one real ramification point. Then \G\ <2g + 2. 

3.3 The hyperelliptic case 

We will give an upper bound for the order of the group of automorphisms of a real 
hyperelliptic curve such that the hyperelliptic involution has at least one real fixed point. 
Before that, we will prove a more general result. 

Theorem 3.8 Let G be a group of automorphism of X of order N > 1 such that 
there exists ip ^ Id in the center Z{G) of G with at least one real fixed point. Then 
\G\ < inf {4s, 4g + A — 8g"} < 4(7 + 4 where g" denotes the genus of Xj {(p) . 

Proof: Let P be a a real fixed point of ip, then P is a real ramification point of 
TT : X — > X/G with ramification index cp = 2 (see Proposition 12. Since the points in 
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the fiber above Q = 7r(P) have conjugate stabihzer subgroups and since ip G Z{G), the 
fiber 7r^^(Q) is composed by ^ real points which are real fixed points of if. By Lemma 
12.31 a connected component of X(R) contains at most 2 real fixed points of (f. Hence 
Tv^^iQ) intersects at least ^ distinct connected components of X{R) i.e. ^ < s. By (j2)), 
I^r{v) <2g + 2- Ag". Hence f < 2^1 + 2 - Ag" and the proof is done. □ 

Corollary 3.9 Let X he a real hyperelliptic curve such that the hyperelliptic involution i 
has at least a real fixed point (e.g. if s >3). Then |Aut(X)| < 4s. 

Proof : By [ Fa-Kl Cor. 3 p. 102], the hyperelliptic involution t is in the center of Aut(X). 
If s > 3 then t has at least a real fixed point |Mo| Prop. 4.3]. The rest of the proof follows 
from Theorem 13.81 □ 

Remark 3.10 The order of the automorphism group of a real curve X cannot be larger 
than 12(51-1) paT] . In the case |Aut(X)| = 12(51-1), the map vr : X ^ X/Aut{X) has 
at least a real ramification point |Malj and it follows from Corollary 13.91 that X is not 
hyperelliptic. In the cyclic case, the curves with an automorphism of maximum order are 
hyperelliptic. 

We extend the result concerning the hyperelliptic curves to real curves which are 
2-sheeted coverings. 

Corollary 3.11 Let X be a real curve such that X is a 2-sheeted covering of a curve of 
genus g" . Assume g > Ag" + 1 and the involution induced by the 2-sheeted covering has 
at least a real fixed point, then |Aut(X)| < inf{4s, 4^ + 4 — 8g"} < Ag -\- A. 

Proof : If g > Ag" + 1, the involution induced by the 2-sheeted covering is in the 
center of Aut(X) |Fa-K| Thm. p. 250]. The proof follows now from Theorem 13.81 

□ 



4 An upper bound for some groups of automor- 
phisms of real curves without real ramification 
points 

This section is devoted to the study of automorphisms of real curves without real fixed 
points. 

4.1 The cyclic case for M-curves 

In this section we give an upper bound on the order of an automorphism of an M-curve 
using Corollary 12. KU 

Before giving this bound, we need to give a result concerning the number of branch 
points of a map corresponding to a quotient by an abelian group of automorphisms. 
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Lemma 4.1 Let G be an abelian group of automorphisms of a smooth projective curve 
X over C. Let tt denote the map it : X ^ X' = X/G. Then w{tt) ^ 1. 

Proof: Write G as the direct sum of the cydic subgroups Gi,...,Gt generated by 
ipi, . . . ,ipt. Assume n has a unique branch point denoted by Q. From the algebra structure 
of TT^Ox and from the action of G on it, it is possible to derive a linear equivalence, for 
i = 1, . . . ,t, between \ipi\Di and UiQ, with Di a divisor on X' associated to the dual of 
{(Pi) and rii an integer such that < rii < \ipi\ \Fa\ Prop. 2.1]. By Pa, Prop. 2.1], the 
data: Dj, Q and the linear equivalence between \ipi\Di and UtQ, determines uniquely vr 
up to isomorphism. According to the previous remark and since tt is ramified, we can 
assume that ni > 1 (see |Pal Example 2.1 (ii)]). But then the condition ni < \ipi\ says 
that the hnear equivalence between |v?i|-Di and niQ is impossible. Hence ^(vr) > 1. 

□ 

In the following theorem, we determine all the automorphisms of M-curves. 

Theorem 4.2 Let (p be a non-trivial automorphism of an M- curve X such that tt : X ^ 
X' = Xj {if) is without real ramification points. Let g' denote the genus of X' . Then one 
of the five possibilities occurs. 

(i) /i(vi'c) = 4, = X' is an M-curve, ttc has 4 branch points Qi,Qi,Q2,Q2 i-e. 

wc{7c) = 2 and ^^(vr) = 0, e{Qi) = e{Q2) = \ip\. 

(ii) fJ'ifc) = 2, \(p\ = I? with g' > 1, X' is an M-curve, ttc has 2 branch points Qi,Qi 

i.e. wci'n') = 1 and wr^tt) = 0, e{Qi) = \ip\. 

(iii) /u(y9c) = 0, 1^9 1 = with g' > 1, X' has many real components, ttc has 2 branch 
points Qi,Qi i.e. Wc{tc) = 1 and w^{n) = 0, e(Qi) = -y-- 

(iv) fJ,{(pc) = 0, \(p\ = with g' > 1, X' is an M-curve, ttc has 2 real branch points 

Qi,Q2 with non-real fibers i.e. Wc(vr) = and w^^n) = 2, e{Qi) = e{Q2) = 
The real branch points Qi,Q2 are contained in the same connected component of 
X'{R). 

(v) ij{(pc) = 0, Iv^l = Jtzy with g' > 2, X' has many real components, ttc does not have 

any branch point. 

It follows that < g + 1 and X' has many real components. 

Proof : Let s' denote the number of connected components of X'(R). By Corollarv l2.10| 
/^(</2c) < 4. We will proceed by looking successively at the cases /i(v5c) = 4, 2 and 0. 

Assume //(v^c) = 4. By Corollary 12.101 and since a fixed point of ipc is fixed for any 
power of (fie, the Riemann-Hurwitz relation Q reads 2g ~ 2 = \(f\{2g' — 2) + 4(|y9| — 1). 
It gives |v?| = By © we have s' > = g' + 1. Harnack inequality says that X' is 
an M-curve. We are in the case of statement (i). 

Assume ^{(fic) = 2. Since a totally ramified non-real point of vr is necessarily in a fiber 
above a non-real branch point, ttq has 2 branch points Qi, Qi such that e{Qi) = \ip\. Let 
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Pi (resp. Pi) denote the totally ramified point over Qi (resp. Qi). If ttc does not have 
more branch points, then Q gives \(p\ = with g' > 1. By (0), X' is an M-curve and we 
get statement (ii). If ttc has at least one more branch point then set 

j = inf { i > 1, ifl- has a fixed point P2 and Pi is not fixed by ^Pq}. 

Since the fiber containing P2 contains j fixed points of and since Pi and Pi are fixed 
points of ifl^, Corollary 12.101 implies that j = 2 and that P2 and P2 are in contained 
in a fiber above a real branch point. It follows that w{ttc) = 3. By (0), we get 
2g — 2 = \'f\{2g' — 2) + 2{\lp\ — 1) + \ lp\ — 2 i.e. \ip\ = Since tt has a real branch point 

and since tt : X X' = X/{ip) is without real ramification points i.e. Int(7r) = 0, the 
real branch point is contained in a connected component C of X'(M) such that 7r~^(C") 
is totally non real. Hence s' > 2 and g' > 1 hy Harnack inequality. So we may refine (0) 
in this case and we get g + 1 < \(p\g' = g'-^r^- It gives a contradiction and the single 
case of an automorphism Lp with fi{ifc) = 2 is given by statement (ii). 

Finally, assume ipc is fixed point free and ttc does not have any branch point. From 
^ and (0), it follows that \(p\ = with g' > 2 and that X' has many real components. 
Assume ipc is fixed point free and ^(vrc) > 1. Let 

j = inf {i > 1, ifl^ has a fixed point } . 

Let Pi be a fixed point of (fl^- Then Pi is also a fixed point of Firstly, assume that Pi 
and Pi are contained in two conjugate fibers above two conjugate branch points denoted 
by Qi and Qi- Since the fiber containing Pi contains j fixed points of (^^, CoroUarv I2.1UI 
implies that j = 2. By Corollarv l2.1(Jl we see that a ramified fiber of tt^ contains at most 
4 points and the number of points in the fiber is exactly the smallest power of if which 
generates the stabilizer group of any point in the fiber. Since a non-real fiber over a real 
point and two conjugate fibers contain both an even number of points, we conclude that a 
ramified fiber contains 2 or 4 points. Hence w{7rc) = 2 since if we assumed w(7rc) > 2, we 
would have /^(v^c) > 4 or fJ^i^p^) > 4 which contradicts Corollarv I2.1(JI fa fixed point of 99^ 
is also a fixed point of y?^). By (0), we get 2g-2= \(p\{2g' - 2) + 2{\ip\ - 2) i.e. \(p\ = ^ 
and g' > 1. By (jSj), X' has many real components and we get statement (iii). Assume 
now that Pi and Pi are contained in the same fiber above a real branch point denoted 
by Qi. By Lemma l4.H ttc has a least one more branch point. From Corollarv 12. 101 and 
according to the above remarks, it follows that ttq has exactly 2 ramified fibers over two 
real branch points Qi and Q2, one fiber contains Pi and Pi and the other contains the 
points P2 and P2. Moreover, e{Qi) = e{Q2) = From (0), we get \(p\ = and g' > 1. 
Arguing as in the proof of the case fi{^pc) = 2, we see that the inverse image by tt of 
the connected components of X'(M) containing Qi and Q2 are totally non-real. We may 
refine (0) in this case and we get g + 1 < |y3|(s' — 1) < \^p\g' = g + 1. Hence X' is an 
M-curve and Qi and Q2 are contained in the same connected component of X'(R). We 
are in the case of statement (iv) and the proof is done. □ 
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4.2 The cyclic case 

At the beginning of this section we give an upper bound for the order of an automorphism 
of a real curve and we study the limit cases. 

Theorem 4.3 Let ip be a non-trivial automorphism of a real curve X such that tc : X ^ 
X' = X/ {if) is without real ramification points. Then \(^\ < sup{2g + 4 — s, 2(7 + 2 — |s} 
if s > 1 and \ip\ < 2g + 2 if s = 1. 

Proof : Let g' denote the genus of X'. We assume that \ip\ > g + 3 — s and by Theorem 
12.91 we have fJ^{(pc) < 4. We will proceed by looking successively at the cases /^(v^c) = 4, 2 
and 0. Let s' denote the number of connected components of X'(M). 

Case 1: fi{ipc) = 4. The Riemann-Hurwitz relation Q gives 2g — 2 > \(p\{2g' — 2) + 
4(1^1-1). It gives \^\<j±L<g + l. 

Case 2: fii^i^c) = 2. By Q, we get \(p\ < < g if g' > 1. So assume g' = 0. Since 
fi^fc) = 2, vTc has already 2 branch points Qi,Qi (i.e. wc(7r) > 1) such that e{Qi) = \ip\ 
(since s' = 1, the two branch points cannot be real). Let Pi (resp. Pi) denote the totally 
ramified point over Qi (resp. Qi). From Q, we see that ttc has at least one more branch 
point. Since n : X ^ X' = X/{ip) is without real ramification points and since s' = 1, 
then wc(vr) > 2. Let Q2, Q2 denote two conjugate branch points of ttc distinct from Qi 
and Qi. Let = e{Q2)- We have 2 < j < The Riemann-Hurwitz relation ^ gives 
2g-2> -2\^\ + 2|^|(1 - ^) + 2|^|(1 - ^) i.e. 

I<^l<^7+J- (9) 

The stabilizer subgroups of the points in the fibers 7r^'^(Q2) and vr^^((52) are generated 
by and each fiber contains j points. Moreover, Pi and Pi are also fixed points of <y9^ 
since they are fixed points of ipc. Consequently, we get 2j + 2 < /i(</?c)- If -5 > 1, using 
© we obtain 2j + 2 < 4 + 2^g^. Since 2 < ^, we get j < 1 + (^ + 1 - s). By Q, we 

get \(p\ < 2g + 2 — s in the case s > 1. If s = 1, using ((Tj) we obtain 2 j + 2 < 4 + 2 , f T^i • 

j 

Similarly to the case s > 1, we get \(p\ < 2g in the case s = 1. 

Case 3: fi{^pc) = 0. Assume ipc is fixed point free and ttc does not have any branch 
point. From (0) and ©, it follows that \(p\ = ^ < g - I with g' >2. 

In the rest of the proof we assume ipc is fixed point free and that ^(vrc) > 1. 

Firstly, we assume that wc^ii) > 1 i.e. that ttc has two conjugate branch points, 
denoted by Qi, Qi, such that ^ = e{Qi) with 2 < j < From Q, we obtain 
2(7-2> |^|(2(?'-2) + 2|y.|(l-i) i.e. 

W<g-l+j. (10) 

The 2j points in the fibers T^c^iQi) and T^c'^iQi) are fixed by Consequently, 
we get 2j < /i(v5c). If s > 1 (resp. s = 1), using (jH)) (resp. ((Tj)) we obtain 
2j < 4 + 2^ < 4 + 2((? + 1 - s) (resp. 2j < 4 + 2^ <A + 2{g- 1)). If g' > 1, it 

follows from (fTUI) that \(p\ < 2g + 2 — s ii s > 1 (resp. \ip\ < 2g ii s = 1). 
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So assume g' = 0. By we see that vrc has at least one more branch point. 
Since ir : X X' = Xj {(f) is without real ramification points and since s' = 1, then 
wc{t!') > 2. Let Q2, Q2 denote two conjugate branch points of ttq distinct from Qi and 
Qi. Let M = e(Q2). We have 2 < f < M. 

If j = ^ or j' = ^-Y, the points in the fibers 7rj^-^(Qi) and ^^^{Qi), or in the fibers 

-1 -1 - — 

{Q2) and TT^ iQ2), are fixed points of (f^ . Hence, using (0) (resp. ((Tj)) we get 

|(^| < 4 + 2(^ + 1 - s) = 2^ + 6 - 2s < 2^ + 4 - s if s > 1 (resp. \lp\ < 2g + 2 ii s = 1). 
We assume that j < and j' < -y-. By (0), we get 

|<^| <^?-l+J+/. (11) 

Similarly to the previous cases, we get 2j < /i(v5c) ^j' < /i(v^c)- Since 3 < -y, it 
follows from © (resp. 0) that 2j < 4 + (51 + 1 - s) if s > 1 (resp. 2j < 4 + {g - 1) 
if s = 1) and the same is true for j'. Hence j + j' < 4 + ((7 + 1 — s) if s > 1 (resp. 
j + j' < g + 3 if s = 1) (equality is impossible in the two previous inequality since it would 
imply j = j' = y and we would get a contradiction with © and ((Tj)). By (fTT|) and the 
previous results we get \(p\ < 2g + 4 — s if s > 1 (resp. |(/?| < 2(7 + 2 if s = 1). 

Secondly, we turn to the case wc{n) = and w^{tt) > 1. From Lemma (4. II and since 
TT : X — >■ X' = X/{(p) is without real ramification points, we have W]^{n) > 2 and s' > 2. 
In particular, g' > I since s' > 2. Let Qi, Q2 be two real branch points of vr. We set 
y = e(Qi) and y = e{Q2)- Since the fibers of vr above Qi and Q2 are non-real, we have 

2 < J < y and 2 < j' < y. By Q and taking account of the previous remarks, we 
obtain 

2g'\ip\<2g-2 + j+j'. (12) 

If J = y and / = y, the j + j' points in the fibers 7rli^^{Qi) and 7i^^{Q2) are fixed 
M 

points of if^ . Hence, using (jH)) (resp. ((Zj)) we get j + j' < 4 + 2{g + 1 — s) if s > 1 (resp. 
j + j' < 2g + 2 if s = 1). Combining (jl2p and the previous result, we get \(p\ < 2g + 2 — s 
if s > 1 (resp. \(p\ < 2g if s = 1) . 

If J < y (i-e. e(Qi) > 2) and f < ^ (i.e. e{Q2) > 3). The f points in the fiber 

T^(C^iQ2) are fixed points of (p^ . Using (HH), we get 

4 4 2 

M<3J-3 + 3/. (13) 

Since e{Q2) = y > 3, using © (resp. ©) and we obtain |v9| < 2^1 + 2 - |s if s > 1 
(resp. Iv^l < 251 + I if s = 1). □ 

We will now look at the case of an automorphism of maximum order. 

Theorem 4.4 Let ip be an automorphism of X of order 2g + 2 such that n : X ^ Xj {ip) 
is without real ramification points. Then X is an hyperelliptic curve of even genus, s = 1, 
X/{(p) ~ Pj^, w^{n) = and wc{tt) = 2. Let {Qi,Q2,Qi,Q2} be the branch points of ttc, 
then e{Qi) = 2, e{Q2) = g + 1. Moreover, ip^^^ corresponds to the hyperelliptic involution 
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and X is given by the real polynomial equation = f{x), where f is a monic polynomial 
of degree 2g + 2 and where f has no real roots. 

Proof: Let g' (resp. g") denote the genus of X' = X/{(f) (resp. of X" = X/{ip'J^^)). 
Looking at the proof of Theorem \4.'A\ we see that 5'' = 0,s = lors = 2 and vrc has 
exactly 4 non-real branch points denoted by Qi,Q2,Qi,Q2- If we set e{Qi) = ^ and 

e{Q2) = ^-jr, it follows from the proof of Theorem 14.31 that we can assume e{Qi) = 2 
i.e. j = g + 1. By ((21), we get j' = 2 i.e. e{Q2) = g + 1. From the proof of Theorem 
14.31 we see that jj,{(p^^) = \(p\ = 2g + 2. Hence, considering the relation (jS)) for v^^"*"^, 
we get g" = i.e. X is hyperelliptic and ip^^^ is the hyperelliptic involution. If g 
is odd then the fixed points of v^c are fixed points of (f^^ and, since e{Qi) = 2 and 
e(Q2) = + 1, we get fi{(f^^) = 2g + 6. It leeds to a contradiction and we conclude that 
g is even. Since the map tt" : X — Pj^ ~ X/ {(f^^^) is without real ramification points, 
X is given by the real polynomial equation y"^ = f{x), where / is a monic polynomial 
of degree 2g + 2 and where / has no real roots. By |G-IH Prop. 6.3] we have s = 1. 

□ 

Remark 4.5 In the situation of Theorem 14. 4[ we have fiif^) = 4 and \(f'^\ = g + 1 = 
g + 2 — s. It demonstrates that the inequality given in Theorem 12. 91 is sharp. 

4.3 Automorphisms of prime order 

We bound above the order of an automorphism of a real curve when |v?| is prime. 

Theorem 4.6 Let (f be an automorphism of X of prime order p such that tt : X — >■ X/ {(f) 
is without real ramification points. Then p < g + I. 

Proof : Let g' denote the genus of X' = Xj {(f) . Since p is prime, any ramification point 
P of TTc is a totally ramified point i.e. cp = p and P is a fixed point of (pc. Consequently, 
71 does not have any real branch point i.e. w^{tt) = 0. 

Assume p > g + 2. By Proposition 12. Ill we have fi{(fc) < 2. 

If (fc is fixed point free, it follows from Q that p = with g' > 2. Hence p < g — 1 
which gives a contradiction. 

If n{(pc) = 2 then we get 2^ - 2 = p{2g' - 2) + 2{p - 1) by (0). Hence p = |r and 
g' > I. It gives a contradiction. 

We have proved that p < g + 1. □ 

4.4 The abeUan case 

We give now an upper bound of the order of an abelian group of automorphisms of a real 
curve. 

Theorem 4.7 Let G be an abelian group of automorphisms of a real curve X such that 
IT : X ^ X' = X/G is without real ramification points. 

(i) Ifw{'Kc) = then \G\ < g - 1. 
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(ii) Ifw{7ic) > then |G| < ^ + 3 + 2(^ + 1 - s) < 3^ + 3. 

Proof: Let g' denote the genus of X'. We denote by s' the number of connected 
components of X'(M). If w{7rc) = the Riemann-Hurwitz relation Q gives \G\ < g — 1. 

Assume wc{tt) = and wui'n') > 0. Since vr : X — > X' = X/G is without real 
ramification points, we have Int(7r) = and it follows that s' > 2, hence that g' > 1 hj 
Harnack inequality. By Lemma HHJ WK(7r) > 1. Let Qi, Q2 be two distinct real branch 
points of TT and let Pi be a point in the fiber tt^^{Qi). By jPaf Lem. 1.1], Stab(Pi) is 
cyclic. Let (pi be a generator of Stab (Pi). We have Iv^il = e(Qi). Since G is abehan, all 
the points in the fiber ^^^{Qi) are fixed points of v^i^c- By © and since there are 
points in the fiber vr^^(Qi) , we obtain 

\G\ q + 1 — s , , , , 

e(Qi) e(Qi)-l 

Similarly, we have < 4 + 2(^g + 1 — s). By Q and according to the above remarks, 

we obtain 2^ - 2 > {2g' - 2)|G| + ELid*^! - ^) > 2|G| - 8 - 4(^ + 1 - s). Hence 
IGI + 3 + 2(^ + 1 -s). 

Assume ifc(7r) > 0. Let Qi, Qi be two conjugate branch points of ttc. Arguing as in 
the previous case, we get 



IGI IGI 



e(Qi) e(Qi 



<2 + ((7 + l-s). (15) 



If ^' > 1 then, combining © with (Hg), we get 2^ - 2 > {2g' - 2)|G| + 2(|G| - JgL) > 
2|G|— 4— 2((7+l — s) i.e. |G| < (7+l + ((7+l — s). Let us assume that = 0. Since s' = 1 and 
TT : X ^ X' = X/G is without real ramification points, we have ^^(Tr) = 0. By ((21), we see 
that wc(7r) > 2 and let Q2-, Q2 be two conjugate branch points of ttc distinct from Qi, Qi. 
Clearly, we also have = < 2+((7+l— s). The Riemann-Hurwitz relation Q gives 

2g-2 > -2|G| + 2Eli(|G|- jfr) > 2|G| -8-4(^7 + l-s) i.e. |G| < g + 3 + 2{g + l-s). 



□ 

In case of an M-curve, the previous theorem reads: 

Corollary 4.8 Let G be an ahelian group of automorphisms of an M-curve X such that 
TT : X — > X' = X/G is without real ramification points. 

(i) If wine) = then |G| < ^ - 1. 

(ii) Ifw{'Kc) > then \G\ < g + 3. 



4.5 The hyperelliptic case 

Before giving an upper bound on the order of the automorphisms group of a real 
hyperelliptic curve such that the hyperelliptic involution is without real fixed point, we 
prove a more general result. 
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Theorem 4.9 Let X be a real curve such that n : X X' = X/Aut(X) is without real 
ramification points. Assume there exists G Z(Aut(X)), ip ^ Id, such that ni'^c) > 0, 
then |Aut(X)| <2g + 2 + 22±^ < 2g + 2 + 2{g + 1 - s) . 

Proof: Let g' denote the genus of X'. We denote by s' the number of connected 
components of X'(M). Set N = |Aut(X_)|. 

Let P be a fixed point of (fc, then P is also a fixed point of (fc- 
Firstly, assume Q = ttc{P) is a real point. Hence Q = 7rc{P). Since n : X X' = 
X/Aut(X) is without real ramification points, we have Int(7r) = and it follows that 
s' > 2, hence that g' > 1 hj Harnack inequality. By |Fa-K^ Cor. p. 100], Stab(P) is 
cyclic. Since the points in the fiber above Q have conjugate stabilizer subgroups and 
since ip G Z(Aut(X)), the fiber tt^'^^Q) is composed by points which are fixed points 

of (fie- By (0), we obtain ^ < ^{ifc) < 4 + 2S±^ < 4 + 2(^ + 1 - s). By © and 
according to above remarks, we obtain 2g — 2 > {2g' — 2)N + [N — > N — 
Hence X<2^-2 + ^<2^ + 2 + 2^^ < 2g + 2 + 2{g + 1 - s). 

Finally, assume Q = 7rc(P) is a non-real point. Hence Q = 7rc(-P) i.e. P and P 
are contained in two conjugate fibers of ttc- Arguing as in the previous case, we get 
^ = ^ < 2+^. If ^7' > 1, it follows from that 2^7-2 > {2g'-2)N+2{N-^) > 
2N -A- 2^Jp^ i.e. iV < 5- + 1 + ^Jp^. Let us assume that g' = 0. By ©, we see that 

wc{t!') > 2 and let Qi, Qi be two conjugate branch points of ttc distinct from Q and Q 
(the branch points are non-real since g' = 0). Clearly, e{Qi) = e{Qi) > 2. The Riemann- 
Hurwitz relation © gives 2^ - 2 > -2N + 2{N - ^) + 2N{1 - ^) > X - 4 - 22±lf^ 

i.e. N < 2g + 2 + 2^^p^, which completes the proof. □ 

Corollarv l3 .91 and the following proposition proves that the order of the automorphisms 
group of a real hyperelliptic curve cannot be larger than 4g + 4. 

Proposition 4.10 Let X be an hyperelliptic curve such the hyperelliptic involutioni does 
not have any real fixed point. If X' = X/Aut(X) is without real ramification points then 
then either g is odd and |Aut(X)| < Ag, or |Aut(X)| <4:g + 2. 
If X' = X/Aut(X) has at least one real ramification point then |Aut(X)| < 45f + 4. 

Proof: By |Fa-K| Cor. 3 p. 102], the hyperelliptic involution t is in the center of 
Aut(X). Let g' denote the genus of X'. In the case vr : X — > X' = X/Aut(X) is without 
real ramification points, the proof follows from Theorem 14.91 and from |Mo[ Prop. 4.3]. 

Now we consider the case when vr : X — X' = X/Aut(X) has real ramification points 
and I does not have real fixed points. By Proposition 12 . II f iv) . there exists two real branch 
points Qi, Q2 of TT with real fibers and we have e{Qi) = e{Q2) = 2. Let P be a fixed point 
of z. Since the points in the fiber above Q = vrc(P) have conjugate stabilizer subgroups 
and since i G Z(Aut(X)), the fiber n^-^^Q) is composed by points which are non-real 

fixed points of i. If e{Q) = 2 then y < fi{i) = 2g + 2 and we get N < Ag + 4. So we 
assume e{Q) > 4 (Stab(P) has even order since it contains t). If g' > 1, from (0), we have 
2^-2 >(2^'-2)X + X(l-^) + X(l-^)+X(l-^)>f + f + f, hence 
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N < 1(5' — 1) < 2g — 2. Let us assume that g' = 0. By (0), we have w{'Kc) > 3. Let Q' be 
another branch point of vrc distinct from Qi,Q2 and Q. By Q and since < we 

have25-2>(25'-2)iV + iV(l-^) + iV(l-^)+iV(l-^) + ivV-^)> 
-2N + ^ + f + f + f, hence iV < 8^ - 8. If tt^\Q) is the unique fiber of ttc 
containing a fixed point of i then = = 2(^ + 2, which contradicts the inequahty 

N < 8g — 8. Therefore, we may assume that 7^i[^^{Q') is composed by points which 
are non-real fixed points of t. Similarly, we assume e{Q') > 4. By 0, we get 2g ~ 2 > 
(2,'-2)iV+iV(l-^)+iV(l-^)+iV(l-^)+iV(l-^) > -2iV+f + f + f + f 
i.e. iV < % - 4. □ 
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